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Probabilistic Methods for Aerospace System Conceptual Design
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Two important objectives for the development of a second-generation reusable launch vehicle are concerned
with signi� cantly reducing cost and risk. Meeting these objectives requires a progressive design approach that
eliminates noncompetitivedesigns as early in the process as possible. During these early stages, designs are usually
evaluated at a low-� delity conceptual level. Nevertheless, design decisions need to be made that signi� cantly affect
both cost and risk. Thus, it is crucial that both of these factors are considered during conceptual design. Methods
to facilitate system risk assessment and risk vs cost allocation during the conceptual design of an aerospace system
are presented. The analysis and optimization take into account the uncertainties in design variables that have
important effects on safety, performance, and cost. The proposed methodology is illustrated for the geometry
design of a reuseable launch vehicle.

Nomenclature
abf = body-� ap area ratio, ft2/ft2

atf = tip-� n area ratio, ft2/ft2

aw = wing area ratio, ft2/ft2

bl = ballast weight fraction (lb/lb)
Cm = pitching moment coef� cient
g = limit state function
P f = probability of failure
r f = fuselage � ness ratio, ft/ft
rm = mass ratio (lb/lb)
W = vehicle dry weight (lb)
X 0 = vector of reduced normal variables
X 0¤ = most probable point
® = direction cosine
¯ = reliability index
¹ = mean value
¾ = standard deviation
8 = standard normal cumulative distribution function
r = gradient

Introduction

T HE maturityof the aerospaceindustryis re� ectedin themodern
challengeof engineeringincreasinglycomplex systems.At the

same time, there exists a heightening priority to assess and design
for cost effectiveness and reliability. As a result, design goals for
future-generationsystems are being expressed in terms of risk and
cost. For example, goals for next generation reusable launch vehi-
cles (RLV) include improving safety to achieve a less than 1/10,000
risk of crew loss and reducing cost to $1000/lb or less for payload
delivery.1 These goals represent a tenfold improvement in cost and
a one-hundredfold improvement in the reliability over the current
space shuttle system. Whether they are achievable remains to be
seen; � rst, multiple design approaches and several emerging tech-
nologiesneed to be evaluatedand compared.Assessingrisk and cost
for thesenew systemswith emergingtechnologiesis extremelydif� -
cult.Historicaldatabasesbasedon legacysystemshavequestionable
application to novel systems. Analytical models are an alternative,
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but have their own limitations. A traditional approach to design (in
which disciplinaryanalysis is done independentlyand in sequence)
would be extremely expensive and time consuming for this kind
of comparative evaluation. Furthermore, risk design requirements
given in probabilisticterms, that is, requiredprobabilitiesof success
or failure,cannotbe targetedthroughconventionaldeterministicde-
sign methods (which deal with risk in terms of factors of safety).
Thus, a design process that effectively balances cost and risk needs
to incorporatemultidisciplinary,concurrentdesign techniquesalong
with probabilistic analysis in an optimization framework.

To meet the second-generationRLV goals, a multidisciplinaryin-
tegrationand optimizationstrategyis needed.In theearly conceptual
stage, designs need to be evaluated more quickly when less detail
is available. At this stage, lower-� delity models may be acceptable
(assuming that these models do not sacri� ce essential performance
characteristics) because the desire is to identify the most attrac-
tive designs for further development. As designs are developed in
more detail, that is, during preliminary and detailed design phases,
higher-� delity analysis tools can be employed. For example, re-
sponse surface models for system performance are used during the
early stages of conceptual design; they allow for quick analysis
and easy optimization. Integration of higher-�delity analysis codes
across disciplines is more challenging, and so they are reserved for
designs after further development. At the later stages, more expen-
sive analysis throughwind-tunnelexperimentsand componentlevel
tests are appropriate. In addition, the sensitivity of design elements
to overall cost and risk in� uence the level of � delity requiredat each
stage of development.

Decisions that have the greatest effect on system risk and cost are
made during the conceptual design stage. For this reason, despite
the lower � delity of the tools used, cost and risk evaluation and
optimization needs to be a vital part of conceptual design analysis.
It is also recognized that such design decisions need to account for
the uncertainties in design variables that signi� cantly impact cost
and risk. However, current methods of system performanceand risk
assessment, capable of including uncertainty effects, are typically
employed only after the system has been designed in detail and,
in some cases, manufactured and tested. This stage is quite late in
the system development process when it is dif� cult to make adjust-
ments that would signi� cantly reduce either cost or risk. Therefore,
reliability analysis methods that can be applied during conceptual
design and incorporated in a multidisciplinarysystem are needed.

To incorporate effectively probabilistic analysis in a progressive
designstrategythatbuilds fromconceptualdesign(with low-� delity
models) to detailed design (with high-� delity models), the follow-
ing capabilitiesare needed during the early stages of design: 1) fail-
ure sequencediagramconstruction2¡4 without detailed information,
based on initial concepts and approximate componentdescriptions;
2) probabilisticsystemreliabilityanalysis5¡7; 3) sensitivityanalysis
linkages between system events, component events, and major de-
sign variables8;9; 4) risk vs cost tradeoffcomputationsat component
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and system levels10;11; and 5) risk allocationusing a combinationof
optimization and Bayesian statistical analysis methods.12¡15 These
capabilities are being developed for the second-generation RLV
conceptual design at Vanderbilt University in collaboration with
researchers at NASA Langley Research Center. In this paper, a de-
terministic optimization application for an RLV conceptual design
originally developed by Unal et al.,16 is modi� ed for probabilis-
tic system reliability analysis and optimization. This paper demon-
strates capabilities 2 and 4 from the aforementioned set of needed
probabilisticanalysis tools. Furthermore, this applicationshows the
signi� cance of probabilistic effects at any stage of design.

The paperbeginswith a review of RLV designformulationsgiven
as multidisciplinaryoptimizationproblems and strategies that have
been employed to solve them. Next, probabilisticanalysis and opti-
mizationmethodsused in previousapplicationsarediscussed.These
two concepts are synthesized by the application of probabilistic
optimization to multidisciplinary RLV design. The following two
sections explain the details of the deterministic problem and then
describe its modi� cation for probabilisticoptimization.Finally, nu-
merical results from the probabilistic optimization for the applica-
tion example are computed and discussed.

Multidisciplinary Optimization in RLV Design
Design of the RLV is a complex process requiring analysis and

optimization across multiple disciplines. In many cases, relatively
mature (high- and low-� delity) disciplinaryanalysis tools are avail-
able. These disciplinary analyses cannot be taken in isolation be-
cause they are coupled to one another through shared input and out-
put.Furthermore,systemdesignobjectivesandconstraintsmay span
severaldisciplines.Thus, a designprocess needs to address issuesof
the coupled multidisciplinarysystem. Integratingdisciplinaryanal-
yses into a multidisciplinaryframework and � nding practical ways
to solve system optimization problems is a serious challenge.

The � rst aspect of the multidisciplinarydesign challenge lies in
buildinga systemanalysisfroma collectionof disciplinaryanalyses.
The system architecture must be thoroughly understood to identify
how the individualdisciplinesare coupled.In additionto this techni-
cal challenge,organizationaland/or computationaldif� culties often
present the largest obstacles in creatinga multidisciplinaryanalysis.
The secondaspectof the challengeis in solvingsystem optimization
problems for the purpose of design. Here, the complexity, stability,
and ef� ciency of the system analysishave signi� cant consequences.

Several studieshave addressedRLV designas a multidisciplinary
optimization (MDO) problem16¡19 and developed strategies on a
number of fronts. One front may be considered the design environ-
ment. This includes both organizational20 and computational21¡23

frameworks that allow automation of multidisciplinaryanalyses. A
second front for RLV multidisciplinarydesign research is the MDO
problem formulation.A review of MDO problem formulations and
implementation issues is given by Alexandrov and Kodiyalam.24

In addition to the design environment and the MDO formulation,
a third front for MDO research includes approximation modeling.
These models are useful in allowing tradeoffs between analysis � -
delity and computational complexity at the early stages of design.
This concept can also be applied to a single MDO. For example, in
approximation/modelmanagementoptimization,25 a trustregionap-
proach is used to approximatea system objectivewith a low-� delity
model, update the model at each optimizationiteration,and resort to
higher-� delity approximations when needed. Various methods are
available to build these initial, low-� delity models, including re-
sponse surface models, Taylor series approximations, splines, and
Kriging models. In particular, a D-optimal response surface strat-
egy has been implemented for an RLV sizing applicationusing three
disciplines: geometry, weights, and aerodynamics.16 This response
surface formulation provides the baseline for the probabilisticopti-
mization approach presented in this paper.

A � nal area of concern for RLV design research is the optimiza-
tion objective.As stated earlier, program goals have been expressed
in terms of cost objectives, for example, $1000/lb payload, and risk
objectives, for example, 1/10,000 risk of crew loss. It is logical,
then, that the design optimization should incorporate these goals.
These goals could be incorporated through either the optimization

objective function or the constraints. In RLV design, minimizing
other parameters considered roughly proportional to cost often ap-
proximates cost optimality. Braun and Moore18 compare a collabo-
rative optimizationanalysisusing four differentoptimizationobjec-
tives: development cost, gross liftoff weight, vehicle empty weight,
and 1V (velocity change from the rocket equation).

Incorporatingrisk goals explicitlyin the optimizationis a concept
that needs signi� cant developmentin multidisciplinaryRLV design.
Risk is a concept that is dif� cult to measure and proves challeng-
ing to model. A traditional approach is to model risk via factors of
safety. Factors of safety provide a qualitative measure of risk, but
can not be translated to probabilisticmetrics (such as 1/10,000 risk
of crew loss).Another tactic is to model risk from empiricaldata ob-
tained through testingor historicalrecords.For example,NASA has
developed a reliability and maintainability analysis and estimation
tool (RMAT), which models RLV operations and supports reliabil-
ity througha comparisonto historicaldatabase records from current
operationalaircraft.19 Response surfaces are generatedfrom RMAT
for use in the optimizationof performancereliability.Unfortunately,
historical records have limited use for novel designs, and testing is
prohibitively expensive for complex systems.

An alternate approach is to estimate risk through simulation of
physics-based models by explicitly considering the uncertainty in
the input parametersor in the model itself.Deterministicapproaches
that have been the focus of RLV design optimization methods thus
far fail to account for these uncertainties.Therefore, a probabilistic
approach is needed for risk-based optimization under uncertainty
and is pursued in this paper.

Probabilistic Analysis and Optimization
RLV designoptimizationto datehasbeenbasedona deterministic

approach. Input variablesare assumed to be nonvaryingand the sys-
tem is assumed to behave exactly as an analysis model predicts. In
this case, the analysisoutputwill be deterministic,and there will not
be any uncertainty-basedmetric for assessing risk. A probabilistic
approach,on the other hand, allows for randomvariationin the input
variablesand can also consider the error between model predictions
and true system behavior. In this case, the output will also have ran-
dom variation.This randomvariationis characterizedby a probabil-
ity distributionfunctionde� ned by its shapeand a set of distribution
parameters, for example, mean and standard deviation.Risk objec-
tives can then be de� ned in terms of this outputuncertainty.5 A prob-
abilisticoptimizationwill then characterizeuncertainobjectivesand
constraintsin termsof probabilitydistributionparametersand statis-
tics, for example, minimize ¹Z subject to P.x1 < x < x2/ · p f ,
where ¹z is the mean of output z and p f is some acceptable prob-
ability of failure for x to be in the interval [x1; x2].

In the physics-basedlimit-statemethod for reliabilitymodeling,a
performance function gi is de� ned in terms of the random variables
correspondingto a failure criterion.Typically gi < 0 represents fail-
ure, gi > 0 represents success, and gi D 0 is referred to as the limit
state.5 The probabilities of failure may be evaluated with a num-
ber of probabilistic techniques, including simulation methods (for
example, Monte Carlo, adaptive importance sampling, Latin hy-
percube sampling, etc.) or analytical approximation methods [� rst-
order reliability method (FORM), second-order reliability method,
� rst-order second-moment methods].5 For optimization problems,
an analytical approximation method is preferred due to computa-
tional ef� ciency.

Probabilistic optimization has been the focus of several recent
research efforts. Optimization formulationshave three components
(design variables, the objective function, and constraints) leaving
a few alternatives for stating the probabilistic problem. First, in-
put variables (including design variables) are uncertain, but can be
characterized by their distribution parameters. Thus, optimization
problems may have design variables that includemean values, stan-
dard deviations,a combinationof both, or other parametersdescrib-
ing their randomness.26 (In addition to the design variables, other
input variables may also be modeled as random variables. How-
ever, this does not complicate the optimization process because all
random variables are considered together in the evaluation of the
probabilistic constraint.) Second, the objective function may be in
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terms of failure probability (for example, minimize probability of
failure), an independentcost or performancemeasure (for example,
minimize mean developmentcost), or may be a cost or performance
measure that depends on reliability (for example, minimize total
cost D development cost C failure cost £ probabilityof failure). Fi-
nally, constraints may include either cost or reliability design goals
that are not considered in the objective function.

Another consideration for the probabilistic optimization formu-
lation addresses the level of the failure. Physics-based limit states
usually represent component-level events, where probabilities of
failure can be calculated fairly easily. System-level failure results
fromcomponentfailures in series,parallel,or a combinationof both.
Event sequencediagramsmay beused to de� ne the system.For large
systems with nonindependent components, calculation of system
failure probabilities can be time consuming. The branch and bound
method has been used to streamline the system calculation,4 but it is
still dif� cult to employ within an optimization. Optimum design of
framed structures has been undertaken,using component-levelreli-
ability constraints and a system-level objective function (weight of
system structure).11;15 Oakley et al.27 combine stochastic optimiza-
tion with adaptive responsesurfaces.This work considers two types
of uncertainty (variability of operating conditions and uncertainty
in extreme values) under a system of multiple load cases. Leheta
and Mansour28 apply a system reliability optimization formulation
to structural design of marine stiffened panels. They employ the
FORM to determine component reliability and use an approxima-
tion for the reliabilityof a seriessystemthat includesmultiplefailure
mechanisms.

Probabilistic optimizationproblems, also called reliability-based
design optimization, have been solved through a number of tech-
niques. These techniques employ standard linear or nonlinear pro-
gramming algorithms and analytical reliability analysis methods to
solve carefully formulated probabilistic problems. In the reliability
index approach (RIA), probabilisticconstraints are reformulated in
terms of reliability indices. In the performance measure approach
(PMA), the constraints are transformed through an inverse reliabil-
ity analysis. RIA and PMA methods are combined in an adaptive
schemethat uses RIA when the probabilisticconstraintis active, that
is, the designpoint is on the constraintboundary,and PMA when the
constraint is inactive.27 Putko et al.29 present a methodology using
sensitivity derivatives for design optimization using computational
� uid dynamics (CFD) codes. Royset et al.30 present a decoupling
approach for three types of probabilistic optimization problems: In
this methodology, constraints originally given in terms of reliabil-
ity indices are replaced by a function representing the limit state
minimum within a hypersphereof speci� ed radius.

In the application presented in this paper, a probabilistic formu-
lation is chosen that uses mean values as the design variables, mean
dry weight as the objective function, and component failure prob-
abilities (in this case, probability of exceeding a limiting pitching
moment value) as constraints. A direct (coupled) approach using
FORM is chosen for the reliability analysis. FORM is an analytical
approximationmethod. It is an iterative approach that converges to
� nd the minimum distance ¯ (the reliability index) from the origin
to the limit state in the space of equivalent uncorrelated standard
normal variables. The probability of failure P f is approximated as
8.¡¯/, where 8 is the cumulative distribution function (CDF) of
the standard normal distribution.FORM is discussed in more detail
hereafter.5 A generalized reduced gradient algorithm is used for the
optimization.

Launch Vehicle Conceptual Design:
Deterministic Approach

As a � rst effort in the RLV multidisciplinarydesignanalysis, low-
� delity second-orderresponse surface models have been developed
for a sizing analysisof a wing–body, single stage-to-orbitvehicle.16

For this application,a launch vehicle is sized to deliver 25,000 lb in
payload from the NASA Kennedy Space Center to the International
Space Station. The selected vehicle geometry (shown in Fig. 1) has
a slender, round fuselageand a clipped delta wing. Elevons provide
aerodynamic and pitch control. Vertical tip � ns provide directional
control and body � aps provide additional pitch control.

Table 1 Design variables

Design variable Lower bound Upper bound

Fuselage � ness ratio r f 4 7
Wing area ratio aw 10 20
Tip-� n area ratio atf 0.5 3
Body-� ap area ratio abf 0 0
Ballast weight fraction bl 0 0.04
Mass ratio rm 7.75 8.25

Fig. 1 Second-generation RLV concept.

As a � rst step in the conceptual design, two disciplines
(weights/sizing and aerodynamics) are considered in a constrained
optimizationproblem.A vehiclegeometry that minimizes mean dry
weight is expected to minimize overall cost, so this is chosen as the
objective function. For stability, the pitching moment Cm for the
vehicle should be zero or extremely close to zero. In addition, Cm

should decrease as the angle of attack increases. This is achieved
by adjusting the control surfaces’ trim of the vehicle as the angle
of attack is increased. Thus, the aerodynamic analysis for pitching
moment constrains the optimization.

The optimal vehicle design is determined by six design vari-
ables: � neness ratio (fuselage length/radius), wing-area ratio (wing
area/radius2/, tip-� n area ratio (tip-� n area/radius2/, body-� ap
area ratio (body-� ap area/radius2/, ballast weight fraction (ballast
weight/vehicleweight), and mass ratio (gross liftoff weight/burnout
weight). The design variables are summarized in Table 1. For the
aerodynamic part of the analysis, three additional variables are re-
quired to describe the adjustment of control surfaces to trim the
vehicle:angle of attack, elevon de� ection, and body-� ap de� ection.
The pitching moment constraint must hold during all � ight condi-
tions; nine � ight scenarios (constructed with three velocity levels
and three angles of attack) are used as a representativesample. The
representative velocities (Mach 0.3, 2, and 10) were selected as
those originally used in Unal et al.16 for which response surfaces
have already been generated.The control variables used for each of
the nine scenarios are given in Table 2. The deterministicoptimiza-
tion problem may then be written as follows: Minimize vehicle dry
weight W such that the pitching moment coef� cient Cm for each of
9 scenarios is within acceptable bounds [¡0:01; C0:01].

This is a multidisciplinaryproblem requiring the synthesis of in-
formation from three analysis codes: a geometry-scalingalgorithm,
a weights and sizing code (CONSIZ), and an aerodynamic code
(APAS). Integrating these codes is somewhat complex because in
additionto the variablesalreadydescribed,there are numerous,non-
designvariablesthat arepassedbetween thecodes.This effortwould
be computationallyexpensive for an optimization algorithm. Thus,
Unal et al.16 conductedtwo overdeterminedD-optimal experimental
designs to reduce these analyses to a set of second-order response
surface models that relate the vehicle dry weight W to the six geom-
etry variables and the pitching moment coef� cient Cm to both the
geometry and control variables. (Note: There are 30 independent
variables in total. The control variable values are speci� c to a sce-
nario. All nine scenarios involve adjusting the angle of attack and
elevon de� ection, but only the supersonic and hypersonic response
surface models speci� cally include body � ap de� ection as one of
the statistically signi� cant random variables.)

In the design of experiments for the weight function,45 multidis-
ciplinary analyses were conducted according to the design matrix
described in Table 3. For each row in the matrix, an analysis is run
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Table 2 Control variables

Nominal angle of attack Minimum angle of attack Maximum angle of attack

Aerocontrol variable Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound

Mach 0.3
Angle of attack, deg 12 12 5 5 15 15
Elevon de� ection, deg ¡15 10 ¡15 10 ¡15 10

Mach 2.0
Angle of attack, deg 10 10 5 5 15 15
Elevon de� ection, deg ¡15 10 ¡15 10 ¡15 10
Body � ap de� ection, deg ¡10 10 ¡10 10 ¡10 10

Mach 10
Angle of attack, deg 30 30 25 25 40 40
Elevon de� ection, deg 0 30 0 20 0 20
Body � ap de� ection, deg 0 20 0 20 0 20

Table 3 Six-parameter D-optimal design matrix2

Analysis r f aw atf BFL bl rm

1 ¡1 ¡1 ¡1 ¡1 ¡1 1
2 ¡1 ¡1 ¡1 ¡1 1 ¡1
3 ¡1 ¡1 ¡1 1 ¡1 0
4 ¡1 ¡1 ¡1 1 1 1
5 ¡1 ¡1 0 1 ¡1 ¡1
6 ¡1 ¡1 1 ¡1 ¡1 1
:
:
:

:
:
:

:
:
:

:
:
:

:
:
:

:
:
:

:
:
:

41 1 1 0 0 ¡1 1
42 1 1 1 ¡1 ¡1 ¡1
43 1 1 1 ¡1 1 1
44 1 1 1 1 0 ¡1
45 1 1 1 1 1 1

with design variable values given according to their corresponding
column of normalizedvalues.Cells in the matrix with a value of ¡1
denote the lowest variable value; those with a value of zero denote
the midrange value; and those with a value C1 denote the highest
variablevalue.These do not necessarilycorrespondto the constraint
boundsused in the optimizationbut ratherdepict the range of values
over which the response surfaces are valid. It is important that the
optimum domain is within the domain of the response surfaces. If
the response surfaces lead to an optimum domain outside the range
of the response surfaces, then an adaptive “trust region” strategy
may be needed.31 It is also desirable to check the optimum solu-
tion with a full high-� delity analysis if possible. Also, in the initial
conceptual design stage, the feasible response surface ranges may
be determined using expert opinion. In this case, the optimization
domain is the same as the response surface domain, except that
the body-� ap area is additionally constrained. Curve � tting the ex-
periment results produces a second-degree polynomial for the dry
weight of the vehicle. A similar methodologywas used to generate
second-degree response surfaces for the pitching moment coef� -
cient. The response surface polynomials are expressed in terms of
the normalizedvariablesfrom theD-optimalmatrix (valuesbetween
¡1 and 1), which we will refer to as reduced variables. These are
distinguished from the original variables given in Tables 1 and 2.

Once the responsesurfacesweregenerated,a gradient-basednon-
linear optimizer was used to solve the optimizationproblem. A ver-
i� cation run of the multidisciplinaryanalysis was performed at the
optimal design point. The result agreed with the response surface
prediction within 1%.

Launch Vehicle Conceptual Design:
Probabilistic Approach

To reformulate the problem in probabilistic terms, it is restated
as follows: Minimize mean weight such that the pitching moment
coef� cient for all nine scenarioshas a low probability(less than 0.1)
of failing to be within the acceptablebounds [¡0:01; C0:01]. Note
here that the outputparameters(weightW and pitchingmoment Cm)
are random variables. They cannot be known exactly because the
inputs and analysismodel, from which they are based, are subject to

uncertainty. Therefore, minimizing the mean weight approximates
the weight minimization,and the pitchingmoment constraintis esti-
mated as a probabilityof failure to be within acceptablebounds.The
solutionof this revised, probabilisticproblem consists of four parts:
1) characterization of random input variables, 2) de� nition of the
limit states for failure,3) probabilisticanalysis,and 4) optimization.

Characterization of Random Input Variables
Original Variables

The � rst step is to de� ne the uncertainty of the input variables.
From the standpoint of the conceptual analysis, these distributions
will represent statistical variation in input parameters. However, it
is not obvious how this information shall translate into physical
phenomena. For fully designed system, these distributions would
represent uncertainty between as-built dimensions and that speci-
� ed by the design.However, details from the conceptualdesign will
inevitably undergo numerous revisions before any kind of physical
construction; any relationship between the conceptual design and
the as-built condition will be superceded by intermediate higher-
� delity analysis and design. At this stage, enough data are not yet
available to characterize the physical uncertainty of the as-built di-
mensions. However, at this stage, a high level of precision is not
required. Therefore, approximate data were constructed based on
expert opinion. (The experts were asked to estimate uncertainty of
the as-built dimensions based on a full design.) All distributions
were assumed normal (a simplifying assumption to facilitate anal-
ysis). However, any other distributioncan be easily included within
the probabilistic framework used here. The mean values ¹ of the
variables are the design variables, and then change during the opti-
mization iterations. The standard deviations ¾ were assumed to be
either one-third of the range or estimated from an assumed coef� -
cient of variation ± where ¾ D ± £ ¹. Table 4 describes the charac-
terization of these original input variables.

Reduced Variables
Because these variables are being computed through linear func-

tions of the original variables, their distribution parameters can be
easily found. For example, the original variable for fuselage � ness
ratio r f has a range from 4 to 7. The responsesurfacesuse a reduced
variable, FR D .r f ¡ 5:5/=1:5, where 5.5 is the midrange value and
1.5 is the half-range. FR will have a mean ¹FR D .¹r f ¡ 5:5/=1:5,
and standarddeviation¾FR D ¾r f =1:5. Table 5 describesthe reduced
variables.

Model Error
In a physics-based reliabilitymodel, only a portion of the uncer-

tainty in a system is accountedfor through its input parameters.The
analytical model for the RLV is a regression model (the response
surfaces) of a computational model (the multidisciplinary system
analysis) of a conceptual model (based on principles of physics,
usually in the form of partial differential equations) of the real sys-
tem. Regardless of variation in input, the conceptual model does
not predict real system behavior exactly, the computational model
does not exactly represent the conceptualmodel, and the regression
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Table 4 Statistics of original variables

Design variable Distribution Mean Range Coef� cient of variation Standard deviation

Geometry variables
Model error Normal 0 —— —— 0.1
Fuselage � ness ratio r f Normal 6.2796 —— 0.01 0.0628
Wing area ratio aw Normal 16.1524 —— 0.01 0.1615
Tip-� n area ratio atf Normal 0.5 —— 0.01 0.005
Body-� ap area ratio abf Normal 0 —— 0.01 0
Ballast weight fraction bl Normal 0 —— 0.01 0
Mass ratio rm Normal 7.75 0.05 —— 0.0167

Control variables
Scenario 1: Mach 0.3, nominal angle of attack

Angle of attack Normal 12 0.1 —— 0.0333
Elevon de� ection Normal ¡7.7336 1 —— 0.3333

Scenario 2: Mach 0.3, minimum angle of attack
Angle of attack Normal 5 0.1 —— 0.0333
Elevon de� ection Normal ¡1.3109 1 —— 0.3333

Scenario 3: Mach 0.3, maximum angle of attack
Angle of attack, Mach 0.3 maximum Normal 15 0.1 —— 0.0333
Elevon de� ection Normal ¡10 1 —— 0.3333

Scenario 4: Mach 2, nominal angle of attack
Angle of attack Normal 10 0.25 —— 0.0833
Elevon de� ection Normal ¡0.3066 1 —— 0.3333
Body � ap Normal ¡0.3481 1 —— 0.3333

Scenario 5: Mach 2, minimum angle of attack
Angle of attack Normal 5 0.25 —— 0.0833
Elevon de� ection Normal ¡5.0628 1 —— 0.3333
Body � ap Normal ¡5.0156 1 —— 0.3333

Scenario 6: Mach 2, maximum angle of attack
Angle of attack Normal 15 0.25 —— 0.0833
Elevon de� ection Normal ¡0.1877 1 —— 0.3333
Body � ap Normal 10 1 —— 0.3333

Scenario 7: Mach 10, nominal angle of attack
Angle of attack Normal 30 0.25 —— 0.0833
Elevon de� ection Normal 29.8082 1 —— 0.3333
Body � ap Normal 6.4322 1 —— 0.3333

Scenario 8: Mach 10, minimum angle of attack
Angle of attack Normal 25 0.25 —— 0.0833
Elevon de� ection Normal 20 1 —— 0.3333
Body � ap Normal 20 1 —— 0.3333

Scenario 9: Mach 10, maximum angle of attack
Angle of attack Normal 40 0.25 —— 0.0833
Elevon de� ection Normal 20 1 —— 0.3333
Body � ap Normal 20 1 —— 0.3333

model introduces further error. This regression error can be deter-
mined from the residuals of the least squares, but it is only one of
many sources of error introduced by the model. In addition, the re-
sponse surfaces were constructedby assuming deterministicvalues
for many input parameters that, in reality, are uncertain. Further-
more, biases are present in the computational model due to system
dynamics not captured by the model. Reinelt et al.32 and Ninness
and Goodwin33 review various strategies for quantifying errors and
uncertainty in the errors of computational models. Oberkampf and
Trucano34 also give a thoroughreviewof errors associatedwith CFD
models and their signi� cance in model validation.

Experimental information is not availableduring the initial stages
of design. Also, the � delity requirements at this state may not war-
rant sophisticated error modeling. However, in some cases, toler-
ances on the other input variables may be so tight as to make them
effectivelydeterministiccomparedto theeffectofmodelerror.Thus,
it is useful to at least estimate model error in conceptualprobabilis-
tic analysis. Several methods for the probabilistic quanti� cation of
model error arising from various levels of approximation are cur-
rently under development.35 In this application, the model “error”
is consideredsimply as an additional randomvariable applied to the
predictedpitching moment as a percentage.Here, model error has a
meanof 0 and a standarddeviationof 10%.Thus, theoutputpitching
moment coef� cient, Cm D Cm (pred)£ (1 C error), where Cm(pred)
is the pitching moment predicted from the response surfaces.

Limit States
A limit state de� nes the boundary between success and failure of

the system. In this problem, each of the nine scenarios has two limit

states, one for the lower bound and one for the upper bound of Cm

(pitching moment coef� cient). The lower bound limit state is

glower D 0:01 C Cm (1)

and the upper bound limit state is

gupper D 0:01 ¡ Cm (2)

The probability of failure is de� ned as

P f D P.Cm < ¡0:01/ C P.Cm > 0:01/

D P.glower < 0/ C P.gupper < 0/ (3)

The probability of failure for each limit state is the volume inte-
gral under the joint probability density function of all of the input
variables over the failure region, that is, where g < 0, as shown in
Fig. 2.

FORM
In this method, the minimum distance from the origin to the limit

state is expressed as ¯ D
p

[.X0¤/T .X0¤/], where X0¤ is the point of
minimum distance from the origin to the limit state. The minimum
distance point on the limit state is referred to as the most probable
point (MPP). X0 is the vector of reduced normal variables. In this
case, variables are assumed normal, but they can be transformed
into equivalent normal variables for the FORM analysis should a
different distribution be appropriate. A linear (� rst-order) approx-
imation of the volume integral (or failure probability) at the MPP
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Table 5 Statistics of reduced variables

Standard
Design variable Mean deviation

Geometry variables
Model error, Xe 0 0.1
r f , X1 (normalized fuselage � ness ratio) 0.5198 0.0419
aw , X2 (normalized wing area ratio) 0.2305 0.0323
atf, X3 (normalized tip � n area ratio) ¡1 0.004
BFL, X4 (normalized body � ap area ratio) ¡1 0
bl , X5 (normalized ballast weight fraction) ¡1 0
rm , X6 (normalized mass ratio) ¡1 0.6667

Control variables
Scenario 1: Mach 0.3, nominal angle of attack

Alpha (derived from angle of attack) ¡X7 0.9512 0.0159
Delev (derived from elevon de� ection) ¡X8 ¡0.6130 0.0264

Scenario 2: Mach 0.3, minimum angle of attack
Alpha (derived from angle of attack) ¡X7 ¡2.378 0.0159
Delev (derived from elevon de� ection) ¡X8 ¡0.1039 0.0264

Scenario 3: Mach 0.3, maximum angle of attack
Alpha (derived from angle of attack) ¡X7 2.378 0.0159
Delev (derived from elevon de� ection) ¡X8 ¡0.7927 0.0264

Scenario 4: Mach 2, nominal angle of attack
Alpha (derived from angle of attack) ¡X7 0 0.0396
Delev (derived from elevon de� ection) ¡X8 ¡0.0243 0.0264
B� ap (derived from body � ap de� ection) ¡X9 ¡0.3481 0.3333

Scenario 5: Mach 2, minimum angle of attack
Alpha (derived from angle of attack) ¡X7 ¡2.378 0.0396
Delev (derived from elevon de� ection) ¡X8 ¡0.4013 0.0264
B� ap (derived from body � ap de� ection) ¡X9 ¡5.0157 0.3333

Scenario 6: Mach 2, maximum angle of attack
Alpha (derived from angle of attack) ¡X7 2.378 0.0396
Delev (derived from elevon de� ection) ¡X8 ¡0.0149 0.0264
B� ap (derived from body � ap de� ection) ¡X9 10 0.3333

Scenario 7: Mach 10, nominal angle of attack
Alpha (derived from angle of attack) ¡X7 ¡0.7927 0.0396
Delev (derived from elevon de� ection) ¡X8 2.3476 0.0264
B� ap (derived from body � ap de� ection) ¡X9 6.4322 0.3333

Scenario 8: Mach 10, minimum angle of attack
Alpha (derived from angle of attack) ¡X7 ¡2.378 0.0396
Delev (derived from elevon de� ection) ¡X8 0.7927 0.0264
B� ap (derived from body � ap de� ection) ¡X9 20 0.3333

Scenario 9: Mach 10, maximum angle of attack
Alpha (derived from angle of attack) ¡X7 2.378 0.0396
Delev (derived from elevon de� ection) ¡X8 0.7927 0.0264
B� ap (derived from body � ap de� ection) ¡X9 20 0.3333

Fig. 2 Limit state and probability of failure.

is computed as 8.¡¯/, where 8 is the CDF for a standard normal
parameter (Fig. 3).

The MPP is founditerativelyusingtheRackwitz–Fiessler formula
(see Ref. 14)
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Here, X0¤
k C 1 is the MPP at the .k C 1/th iteration, and rg.X0¤

k /is the
gradientvector (vector of derivativesof the limit state functionwith
respect to each variable).The directioncosines (alphas) at the MPP,

Fig. 3 FORM.
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are useful byproducts of the FORM method in that they describe
the sensitivityof the limit state to each of the input parameters.The
vector ® is the unit gradient of the limit state g in standard normal
space, at the MPP. This information is helpful on several accounts.
Variables with low sensitivities can be approximated as determin-
istic to reduce the computational complexity of the problem. Also,
reducing the standard deviation of variables with high sensitivities
will achieve the greatest gains in system reliability.

Optimization
As stated earlier, the probabilistic optimization problem is for-

mulated as follows: Minimize mean weight such that the pitching
moment coef� cient for all nine scenarioshas a low probability (less
than 0.1) of failing to be within acceptablebounds [¡0:01; C0:01].
Optimizationis done in the same manner as before,usinga gradient-
based nonlinear optimizer. However, instead of constrainingCm to
bebetween [¡0:01; C0:01], theprobabilityof exceedingthe bounds
is constrainedto be less than some acceptablevalue.Also, the means
of the input variables are the actual design variables that are altered
during the optimization, and the mean weight is minimized.

Results and Discussion
Two deterministicand four probabilistic runs are performed, and

their resulting optimal dry weights (or mean dry weights) are com-
paredwith oneanother.The deterministicrunswere basedon factors
of safety of 1 and 1.5 and were formulated as follows: Minimize
empty weight, subject to ¡0:01 · Cm i =FS · 0:01, for i D 1–9 sce-
narios (from Table 5).

After the optimal design was selected deterministically,a FORM
probabilistic analysis was performed (assuming random varia-
tion of the design variables) to determine the probability that the
pitching moment was with the standard bounds [¡0.01, 0.01].
The probabilistic runs were based on acceptable probabilities of
failure of 5, 10, 15, and 20%. In this case, the following for-
mulation was used: Minimize mean empty weight, subject to
P.¡0:01 · Cm i · 0:01/ · P f .

Figure 4 compares the optimal weight for each analysis.The � rst
deterministicrunusesa factorof safetyof one, so thatCm was simply
constrainedto [¡0:01; C0:01] as stated in the originaldeterministic
formulation. As would be expected, this method yields the lowest
optimal weight. However, such a solution corresponds to a 50%
probabilitythat the pitchingmoment actuallyfails to be within these
bounds. A postoptimization FORM analysis proves this, but it is
also evident by inspection. In effect, the deterministic optimization
drives the mean of Cm to the boundary.

The second deterministic optimization with a factor of safety
of 1.5, in effect, reduces the pitching moment constraint to
[¡0:667; C0:667]. A postoptimizationprobabilisticanalysis shows
that this method gives a 9.75% probability that the true Cm fails to
be within the original bounds [¡0.01, 0.01]. The probabilisticopti-
mization results show, as expected, that the optimal mean weight is
inversely proportional to the required failure probability.

Note that the 1.5 factor of safety compares closely with the 10%
failure probability P f case in both probabilityof failure (9.75% for
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Fig. 4 Weight optimization results.

Fig. 5 Variable sensitivities to pitching moment.

the 1.5 FS vs 10% P f ) and optimal mean empty weight [213.7 vs
213.3 kilopounds (kips)]. Although the 1.5 FS approach and the
10% P f approach both give similar designs, the disadvantage of
the factor of safety approach is that it does not quantify the failure
probability.Such informationis gainedonly fromprobabilisticanal-
ysis. If we want to improve the probabilityof satisfyingour original
constraint by a speci� c amount, we can not know beforehand what
new factor of safety to use. Probabilistic optimization, though it
requires more computation than deterministic optimization, is not
dif� cult for simple closed-formanalyses that use responsesurfaces.
It enables the designer to consider input variability and in essence,
directly design for a reliability requirement.

Figure 5 shows the probabilisticsensitivity indices of the various
input variables for three of the nine scenarios: the maximum angle
of attack scenarios at each of the three speeds (scenarios 3, 6, and
9 from Table 4). The sensitivity indices are the direction cosines,
from the probabilistic analysis
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@xi
£ ¾xi
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­­­­­

discussedin an earliersection.Theyare directlyrelated to the deriva-
tives of the pitching moment failure probability with respect to the
input random variables, normalized so that the sum of the squares
is one. Note that the probabilisticsensitivity indices combine phys-
ical sensitivities (derivatives of the limit state with respect to the
design random variables) as well as the scatter (through the ¾xi

term) of the random variables. Such information is only available
through probabilistic analysis. In addition, the probabilistic sensi-
tivity indices give direct indications for design improvement and
optimization. These indices have been used to derive reliability-
based design safety factors.36 Also, these indices help to identify
the important variables affecting the system failure probabilityand,
therefore, facilitate decisions with respect to resource allocation for
data collection, improved modeling, etc. On the other hand, vari-
ables with low-sensitivity indices may be treated as deterministic,
thus reducing the computation effort.

It is seen from Fig. 5 that the model error has a signi� cant effect
for all scenarios but that the driving effect is mass ratio for the
supersonic and hypersonic scenarios and elevon de� ection for the
subsonic scenario. Similar results are given for other scenarioswith
the same speeds. (For example, all three subsonic scenarios have
high pitching moment sensitivitywith respect to elevon de� ection.)

Conclusions
This paper has presented and applied a methodology for proba-

bilistic MDO. The combinationof response surfaces and � rst-order
reliability analysis provides a valuable tool for system conceptual
design. This methodology can be achieved for any de� ned limit
state and could be expanded to incorporate additional probabilistic
constraints for more complex problems, for example, for lift and
drag failure in this problem. Unlike simulation methods, FORM
converges quickly even for very low probabilities of failure and is
very conducive to optimization.

The application demonstrated involves codes from three disci-
plines and considers nine limit states, all related to the pitching
moment Cm constraint. In future work, as more disciplinesare inte-
grated into the conceptualdesign process, several different types of
constraints may need to be included. Some of the limit states cor-
responding to these constraints may have a sequential relationship
and may be linked through a probabilistic event tree in a system-
level analysis. Furthermore, more accurate probabilistic methods
are available for use with higher-�delity codes as design progresses
past the initial stage.
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